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$w$ $w[i..j]$ $i\leq k\leq j-p$ $w[k]=w[k+p]$ , $w[i..j]$
$P$ (repetition) . . (run, maximal repetition)
. $g$ - (exponent) ,
. Crochemore Ilie $n$
2. $9n$ $\nwarrow$ .
,
.





, . , $n$
$O(n\log n)$ [1].
. Kolpakov Kucherov $n$
$\rho(n)$ $cn$ [5]. $c$ ,
[2, 4, 9, 12]. , $c\leq 1029$
[3, 4], $c<1$ . (exponent) ,
[2, 6, 11]. .
2. $9n$ [2], $2n$ .
$\rho(n)$ , Puglisi Simpson $n$
[10].
$r_{\sigma}(n)= \sum_{p=1}^{g}\sigma^{-2p-1}((n-2p+1)\sigma-(n-2p))\sum_{d|p}\mu(d)\sigma^{\S}$
$\sigma$ , $\mu(n)$ .





, $L_{\sigma}(n)$ $\sigma$ $n$ . ,
\dagger
$t$ Google Japan Inc.




$\Sigma=\{0,1,2, \ldots, \sigma-1\}$ $\sigma$ . , $|\Sigma|=\sigma$ . $\Sigma$
$\Sigma^{*}$ , $n$ $\Sigma^{n}$ . $w=xyz$ . $x,$ $y,$ $z$
$w$ (poefix), (substring), (suffix) . $w$ $|w|$
. $0$ $\epsilon$ . $w$ $i$ $w[i-1]$ . ,
$w=w[0]w[1]\ldots w[|w|-1|$ . $w$ $w[i]w[i+1]\ldots wU|$ $w[i..j]$ . $w$
$i\geq 0$ $w[i]=w[i+p]$ $p$ $w$ (period) .
$w$ $u$ $k\geq 2$ $w=u^{k}$ , $w$
(primitive) . $w$ $w$ , $w$
(Lyndon word) [7]. $n$
$L_{\sigma}(n)$ . , $n$ $nL_{\sigma}(n)$ .
(M\"obius) $\mu(n)$ .
$\mu(n)=\{\begin{array}{ll}0 n hc\Psi\hslash \ovalbox{\tt\small REJECT} \text{ } \delta J \text{ 1 n \text{ }fflg\text{ }ff\Re ffl\text{ }\mathfrak{F}E\Re \text{ }-1 n \text{ }fflg\text{ } 5\Re ffl\text{ }aeEX \text{ } \#\text{ }\end{array}$
$L_{\sigma}(n)$ $[$8].
$L_{\sigma}(n)= \frac{1}{n}\sum_{d|n}\mu(\frac{n}{d})\sigma^{d}$
$d|n$ $d$ $n$ . $n$ $\mu(n)$ $L_{2}(n)$
.
$\frac{n12345678910}{\mu(n)1-1-10-11-1001}$
$L_{2}(n)$ 2 1 2 3 6 9 18 30 56 99
$w$ $p \leq\bigcup_{2}$ , 2 , $w$ $P$ (pereodic)
. $w[i..j]$ $w[i..j]$ $P$ (non-
extendable) .
$i=0$
$j=n-1$ $oror$ $ww|_{j+1}^{iarrow 1}]_{\neq w}^{\neq w}|_{j-p+1]}^{i+p-1]}$
$w$ $w[i..j]$ , $w[i..j]$ (run, maxemal repetition)
. $P$ 1 . $p$ $w[i..j]$
$(i.j,p)$ . $(roo$ $P$ $w[i..i+p-1]$ , ( $e$ nent)
$\frac{j-:+1}{p}$ . $w$ Runs $(w)$ , $E\varphi(w)$ .
$v$ , $u$ $v=u^{2}$ , $v$ (square) .
$(\mathfrak{n})ot)$ $u$ , (period) $|u|$ . $w$ $u^{2}$ $(i, |u|)$ . $i$
$w$ $u^{2}$ . $w$ $Sqr(w)$ .
$w=0101010110112120$ 1 . $w[0..7]=01010101$ 4 2
, $w[0..3]=0101$ . . $w[0..7]$ 2
1 . 0101, 1010, 11 $w$ .

















$\sigma$ $n$ $w$ $p$ $n-p$ $d_{\sigma}(w,p)$
.
$d_{\sigma}(w,p)[i]=w[i+p]-w[i]$ $(mod \sigma)$ for $0\leq i<n-p$
‘-, ‘mod’ . , $\Sigma=\{0,1,2\}$ $w=21010$
, $d_{\sigma}(w, 1)=2212$ $d_{\sigma}(w, 2)=100$ .
$w\in\Sigma^{n}$ $w[i..j]$ $0$ , $t(i\leq t\leq i)$
$w[t]=0$ . $w[i..j]$ 0- .
$i=0$
$j=n-1$ $oror$ $w_{b}w|_{+1]\neq 0}^{i.-1]\neq 0}$
$(i,j)$ 0- .
1. 0012000102 0- $(0,1),$ $(4,6),$ $(8,8)$ .
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1. $w$ , $d_{\sigma}(w,p)$ [i..i] $P$ 0-
. $w[i..j+p]$ $P$ .
. 0- $(i,j)$ $d_{\sigma}(w,p)$ , $w[t]=w[t+p](i\leq t\leq j)$ .
, $w[i..j+p]$ $p$ . $|d_{\sigma}(w,p)[i..j]|=jarrow i+1\geq P$
$|w[i..j+p]|=j+p-i+1\geq 2p$ . , $w[i..j+p]$ . , $w[i..j+p]$
. $w[i..j+p]$ $p$ $d_{\sigma}(w,p)[i..j]$ 0- ,
, $P$ .
$\sigma$ $n$ $\Sigma^{n}$ $P$ 0- $c_{\sigma}(n,p)$ , $\Sigma^{n}$
$p$ O- $C_{\sigma}(n,p)$ . , $C_{\sigma}(n,p)= \sum_{i=p}^{n}c_{\sigma}(n, i)$ . $\Sigma^{n}$
$p$ 0- , $\frac{l}{p}$ $E_{\sigma}(r\iota,p)$ . , $l$ 0-
. $E_{\sigma}(n,p)= \sum_{i=p}^{n}c_{\sigma}(n,i)\frac{i}{p}$ .
2. $\sigma=2$ $c_{\sigma}(5,2)$ 12 . 5 2 0-
.
00000 00100 01000 01100 10000 10100 11000 11100
00001 00101 01001 01101 10001 10101 11001 11101
00010 00110 01010 01110 10010 10110 11010 11110
00011 00111 01011 01111 10011 10111 11011 11111
, $c_{\sigma}(5,3)=5,$ $c_{\sigma}(5,4)=2$ , $c_{\sigma}(5,5)=1$ . . $C_{\sigma}(5,2)=12+5+2+1=20$
. $E_{\sigma}(5,2)=12 \cdot\frac{2}{2}+5\cdot\frac{3}{2}+2\cdot\frac{4}{2}+\frac{5}{2}=26$ .
2. $n$ $p\leq n$ .
$C_{\sigma}(n,p)=(n-p+1)\sigma^{n-p}-(n-p)\sigma^{n-p-1}$
$E_{\sigma}(n,p)= \frac{1}{p}(p(n-p+1)\sigma^{n-p}-(p-1)(n-p)\sigma^{n-p-1})$
. $\sigma$ $n$ $P$ 0- $Q_{\sigma,n,p}$
.
$Q_{\sigma,n,p}=$ { $(u,w)|uvw\in\Sigma^{n}$ and $v$ $uvw$ O- }.
$P$ 0- $Q_{\sigma,n,p}$ $c_{\sigma}(n,p)=|Q_{\sigma,n,p}|$ .
3. $\sigma=2,$ $n=3,$ $p=1$ , $\Sigma^{n}$ $P$ 0- .
$\Sigma^{3}=\{000,001,$ $\underline{0}1_{arrow}0,$ $\underline{0}11,100,1\underline{0}1,11\underline{0},111\}$
O- $c_{\sigma}(3,1)$ 5 , $Q_{\sigma,3,1}$ .
$Q_{\sigma,3,1}=\{(\epsilon, 10), (01,\epsilon), (\epsilon, 11), (1,1), (11, \epsilon)\}$
$c_{\sigma}(n,p)$ $Q_{\sigma,n,p}$ 2 .
(1) $p\leq n-1$
$Q_{\sigma,n,p}$ 0- $Q_{\sigma,n,p}^{l}$ . $Q_{\sigma,n,p}^{m},$ $Q_{\sigma,n,p}^{r}$ 3 .
$Q_{\sigma,n,p}^{l}=\{(u,w)\in Q_{\sigma,n,p}|u=\epsilon\}$ ,
$Q_{\sigma,n,p}^{m}=\{(u,w)\in Q_{\sigma,n,p}|u\neq\epsilon$ and $w\neq\epsilon\}$ ,
$Q_{\sigma,n_{2}p}^{r}=\{(u,w)\in Q_{\sigma_{j}n,p}|w=\epsilon\}$.
$u=\epsilon$ , $|w|=n-p$ $w[0]\neq 0$ , $w[0]$ $(\sigma-1)$ $w[1..n-p-1]$
$\sigma^{n-p-1}$ . , 1 $Q_{\sigma,n,p}^{l}|=(\sigma-1)\sigma^{n-p-1}$ . , $w=\epsilon$
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$|Q_{\sigma,n,p}^{r}|=(\sigma-1)\sigma^{n-p-1}$ . $u\neq\epsilon$ $w\neq\epsilon$ , $u[|u|-1]$ $w[0]$ $0$ ,
$|u|+|w|=n-p$ . $0^{p}$ $(n-p-1)$ , $u[|u|-1]$ $w[0]$ $(\sigma-1)$ ,
$\sigma^{n-p-2}$ . $|Q_{\sigma,n,p}^{m}|=(n-p-1)(\sigma-1)^{2}\sigma^{n-p-2}$




$u=w=\epsilon$ , $Q_{\sigma,n,p}=\{(\epsilon, \epsilon)\}$ , $c_{\sigma}(n,p)=|Q_{\sigma n,p}\rangle|=1$ .
$P\leq n-1$ ,
$C_{\sigma}(n,p)= \sum_{i=p}^{n}c_{\sigma}(n, i)=(n-p+1)\sigma^{n-p}-(n-p)\sigma^{n-p-1}$ .
$C_{\sigma}(n, n)=1$ .
$P\leq n-1$ ,
$E_{\sigma}(n,p)= \sum_{i=p}^{n}c_{\sigma}(n, i)\frac{i}{p}=\frac{1}{p}(p(n-p+1)\sigma^{n-p}-(p-1)(n-p)\sigma^{narrow p-1})$ .
$E_{\sigma}(n, n)=1$ .
3. $d_{\sigma}(w,p)=d_{\sigma}(v,p)$
$P$ $n$ $w$ $v$ , $i$
$w[i..i+p-1]=v[i..i+p-1]$ $w=v$ .
. $(\Rightarrow)$ . $i\leq j<i+p$ $k$ . $k=0$ $wb+kp$] $=vb+kp]$
. $k\geq 1$ , $w|;j+kp]=v[j+kp]$ , $w\triangleright+(k+1)p]=wb+kp]+d_{\sigma}(w,p)\lfloor i+kp]$
$(mod \sigma)=v\triangleright+kp]+d_{\sigma}(v,p)b+kp](mod \sigma)=vb+(k+1)p]$ . , $w[i..n-1]=v[i..narrow 1]$ .
, $w[0..i+p-1]=v[0..i+p-1]$ . , $w=v$.
$(\Leftarrow)$
$w\in\Sigma^{n}$ $d_{\sigma}(w,p)$ $n-p$ , $\Sigma^{n-p}$ 0- $C_{\sigma}(n-p,p)$
. 1 3 $\Sigma^{n}$ $p$ $\sigma^{p}C_{\sigma}(n-p,p)$ . ,
. , 0101010101 2 4 . 2
, .
4. $p$ $P$ $L^{L}\sigma^{p}\omega$ .
. $P$ $\sigma^{p}C_{\sigma}(n-p,p)$ . [7] , $P$
$q<p$ , $gcd(p, q)$ . $w[i..j]$ $q<p$
, . $P$ $pL_{\sigma}(p)$ . , $P$
$pL_{\sigma}(p)C_{\sigma}(n-p,p)$ .
1 , $d_{\sigma}(w,p)$ $l(l\geq p)$ 0- $w$ $l+p$ .






2 $e_{\sigma}(n)$ . 3–e$\sigma$n(
2 . 2 $e_{\sigma}(n)$ $n$
. $\frac{e_{\sigma}(n)}{n}$ 3 . $e_{\sigma}(n)$ .

























, $r_{\sigma}(n)$ $e_{\sigma}(n)$ $s_{\sigma}(n)$ .
5. $w$ $p$ , $w$ $p$ $sqr(w,p)$
run$(w,p)$ . $exp(w,p)$ .
$sqr(w,p)=pexp(w,p)-(2p-1)run(w,p)$
4. 001001101101100 3 $(0,5,3)$ $($ 4, 13, 3) . 2
, 13 . 3 $(0,3),$ $(4,3),$ $(5,3),$ $(6,3),$ $(7,3),$ $(8,3)$
.
. $w$ $(i, j,p)$ , $w[l]=w[l+p](i\leq l\leq j-p)$ $w[k..k+p-1]=$
$w[k+p..k+2p-1](i\leq k\leq j-2p+1)$ . $w[k..k+p-1]$ $w[i..i+p-1]$
. $e= \frac{j-i+1}{p}$ $j-i-2p+2$ . $P$
$p$ . , $(i,j,p)$ $s$ .
$s=j-i-2p+2=pe-(2p-1)$
$w$ , 5 .
Puglisi Simpson [10] .
$r_{\sigma}(n)= \sum_{p=1}^{n}L_{\sigma}(p)(p(n-2p+1)\sigma^{-2p}\tauarrow(n-2p)\sigma^{-2p-1})$






$s_{\sigma}(n)$ $n$ . $\frac{e_{\sigma}(n)}{n}$ $\frac{s_{\sigma}(n)}{n}$
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1 $\frac{e_{\sigma}(n)}{n},$ $\frac{r_{\sigma}\langle n)}{n},$ $\frac{s_{\sigma}(n)}{n}$ .
2.
$\lim_{narrow\infty}\frac{s_{\sigma}(n)}{n}=\sum_{d=1}^{\infty}\mu(d)(\frac{\sigma}{\sigma^{2d}-\sigma})$
1 $\frac{e_{\sigma}(n)}{n},$ $\frac{r_{\sigma}(n)}{n},$ $\frac{s_{\sigma}(n)}{n}$ .
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